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Abstract. A simple formulation of the boundary layer is developed for use in large-scale models and other
situations where simplicity is required. The formulation is suited for use in models where some resolution
is possible within the boundary layer, but where the resolution is insufficient for resolving the detailed
boundary-layer structure and overlying capping inversion. Surface fluxes are represented in terms of
similarity theory while turbulent diffusivities above the surface layer are formulated in terms of bulk
similarity considerations and matching conditions at the top of the surface layer. The boundary-layer depth
is expressed in terms of a bulk Richardson number which is modified to include the influence of thermals.
Attention is devoted to the interrelationship between predicted boundary-layer growth, the turbulent
diffusivity profile, ‘countergradient’ heat fiux and truncation errors.

The model predicts growth of the convectively mixed layer reasonably well and is well-behaved in cases
of weak surface heat flux and transitions between stable and unstable cases. The evolution of the modelled
boundary layer is studied for different ratios of surface evaporation to potential evaporation. Typical
variations of surface evaporation result in a much greater variation in boundary-layer depth than that caused
by the choice of the boundary-layer depth formulation.

1. Introduction

The present study develops a relatively simple model of the atmospheric boundary layer
for applications where high vertical resolution is not possible. For example, the present
development is partly motivated by the need to study interactions between the atmos-
pheric boundary layer and soil moisture transport which is examined in a companion
paper (Pan and Mabhrt, 1986). Because the formulation of the surface evaporation is
necessarily crude, a high-resolution sophisticated model of the boundary layer is not
justified for such applications.

In this study, considerable attention will be devoted to development of a boundary-
layer depth formulation which: (1), does not require resolution of the capping inversion,
when it exists; (2), allows for a continuous transition between the stable and unstable
boundary layer; (3), describes the near-neutral case where the surface heat flux is
unimportant; and (4), removes certain inconsistencies between the application of
surface similarity theory and the ‘countergradient’ flux correction.
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A number of boundary-layer models with low resolution have been proposed for use
in large-scale models. One approach is to model the bulk effect of the boundary layer
by interpolating pertinent variables from the large-scale model without attempting to
resolve any boundary-layer structure explicitly (e.g., Clarke, 1970; Deardorff, 1972;
Smeda, 1979; Chang, 1981; Binkowski, 1983).

In models where some grid levels are available to resolve boundary-layer structure,
a more direct approach is usually adopted by expressing turbulent diffusivities in terms
of local gradients of the mean profiles. Models of this kind have been used mostly in
cases where comparatively high resolution is available (column models); then diffusivi-
ties are related directly to the local gradient Richardson number (Zhang and Anthes,
1982), or to a Richardson number adjustment scheme (Chang, 1979), or computed in
conjunction with a prescribed mixing-length profile (Busch ez al., 1976; Louis, 1979).
With coarser resolution, the sensitivity of these formulations to small changes in the
mean profiles becomes a disadvantage. Inclusion of transport terms by employing the
turbulence energy equation (e.g., Mailh6t and Benoit, 1982; Therry and Lacarrére, 1983)
or even higher order closure schemes (e.g., Yamada and Mellor, 1975; André et al.,
1978) is presently not practical for use in large-scale models because of the large
computational requirements.

Here we develop a model, where turbulent diffusivities have a prescribed profile shape
as a function of z/h and scale parameters derived from similarity arguments, where z
is the height above ground and # is the boundary-layer top. This approach partially
alleviates resolution requirements and is yet more flexible than the purely ‘bulk’ models.

Similar approaches for the simulation of the heated boundary layer have been applied
by Pielke and Mahrer (1975), and Yu (1977). The present model, however, differs from
these approaches both with respect to the profile formulations and the way the
boundary-layer height is determined. The present model appears to be less specialized
than the usual mixed-layer growth models but still does not consider the important
problem of boundary-layer clouds.

2. The Model

2.1. THE SURFACE BOUNDARY LAYER

The surface-layer parameterization scheme devised by Louis (1979) is used to relate
surface fluxes of heat, momentum, and water vapour to the values of temperature, the
wind components and specific humidity, all at the lowest model level. The layer between
the surface and the lowest model level is thus considered to be in equilibrium, obeying
surface-layer similarity. The basic advantage of this formulation is computational
efficiency, since the formulation avoids an iterative process which is otherwise necessary
when employing the original expressions given by Businger et al. (1971) for the usual
range of atmospheric stability; however, the correct behaviour of such formulations is
uncertain in the cases of extreme stability or instability.




A SIMPLE MODEL OF THE ATMOSPHERIC BOUNDARY LAYER 131

2.2. THE BOUNDARY LAYER ABOVE THE SURFACE LAYER

Above the surface layer, the diffusion equation is assumed to describe the effect of
turbulent mixing in the boundary layer except for the modification due to a ‘counter-
gradient’ term. Thus, model closure simplifies essentially to the determination of the
diffusivity profiles.

As in Brost and Wyngaard (1978), the momentum diffusivity is modelled according
to the format

?
Km=u*kz(l),;1(l—;l> , (1)

where u, is the surface friction velocity, k is the von Karman constant taken to be 0.40,
®,, is the nondimensional shear, z is the height above ground, and # is boundary-layer
height. Equation (1) is consistent with surface-layer similarity where

K, =u,kz0;! for z<h. ‘ )

For stable conditions we use @, from Businger et al. (1971) given as
®,=1+4.7z/L, 3)

where L is the Monin—Obukhov length. For z > L/4.7, combination of Equations (1)
and (3) yields the following asymtotic expression:

K,, ~ (k/4.T)Lu, (1 - i)p a @)

That is, for the stable case L becomes the relevant length scale and u the relevant
velocity scale for the entire boundary layer. Here the boundary-layer depth % enters only
as the height at which the turbulence vanishes and does not influence the boundary-layer
velocity scale.

For unstable conditions

®,. (z/L)= (1 - 7z/L)~ '3, z<h. (5)
The exponent of -1 is chosen to ensure the free-convection limit for z > L. With the
coefficient chosen to be 7, the difference between Equation (5) and the original expres-
sion given by Businger et al. (1971) as derived from the Kansas data differs by less than
6%, over the range of the original data (- z/L < 2). Here we consider the surface layer
to extend upward to z = ¢h where ¢ will be arbitrarily specified to be 0.1.
Above the surface layer for the unstable case, we arbitrarily assume that the relevant
velocity scale u, @' is constant so that using (5)

u, ®. " =W + Tekwl ) =w,, ©6)

where @, is evaluated at ¢ and w, = (g/T,)w’ 0,h)'/3 is the convective velocity scale.
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Then (1) becomes
z z\’
Km=wshk—<1—-) , z>¢h. ()
h h

For h» - L, the velocity scale approaches
w, = w, (Tek)'? ~ 0.65w, . 8)

Note that the transition between stable and unstable cases is continuous.

The expression for the mixed-layer velocity scale (6) can be compared with the
velocity scale developed by Hojstrup (1982) from the Kansas and Minnesota experi-
ments. Hojstrup’s expressions for the velocity variances at z/A = ¢ = 0.1, reduce to

B \Z3\172
w, = (02 + 02 + 03)/? = 2.26u, (1 +2.75 (0.1 —> ) . 9

Apart from a constant factor of proportionality, Equations (6) and (9) differ by less than
169, in the range of A/ — L between 0 and 5000, in which range w, changes by a factor
of 13.

With the factor (1 — z/k) ? in (7), the turbulent mixing approaches zero at the top of
the boundary layer. This condition should be relaxed in models which allow mixing
above the boundary-layer top.

3. Determination of Boundary-Layer Depth

For well-defined diurnal variations, a rate equation for growth of the daytime mixed
layer is often used with a separate model for the depth of the nocturnal boundary layer.
The transition from unstable to stable conditions then requires special consideration
(Smeda, 1979). With modest increase of complexity, it is possible to unify the depth
prediction into one relationship (Binkowski, 1983). These models successfully predict
the diurnal variation of the boundary layer under conditions of significant diurnal
signature.

With weak surface heating and complex synoptic airflow, the top of the daytime
boundary layer and capping inversion are often not well-defined and the usual mixed-
layer growth equations become too specialized. Even in situations with definable
mixed-layer growth, the vertical resolution in many atmospheric models is inadequate
to define the capping inversion and corresponding velocity jump required for mixed-layer
growth models (e.g., Manins, 1982).

Alternatively, Busch et al. (1976) chose the boundary-layer top to be the lowest model
layer where the gradient Richardson number exceeds a critical value. This method,
however, still requires good resolution, and even with high resolution may lead to large
unphysical oscillations of # due to the sensitivity of the gradient Richardson number to
small changes in the mean profiles.

To be consistent with the bulk approach adopted in Section 2, we determine the
boundary-layer top by specifying the value of a modified Richardson number such that
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Fig. 1. Geometric sketch of the boundary-layer depth relationship to the profile of potential temperature

above the surface layer (solid profile). For the unstable case, the first vertical broken line to the right of

the profile indicates the potential temperature after enhancement due to the temperature excess associated

with surface heating (11-12). The vertical broken line on the right indicates the potential temperature at

the boundary-layer top after deepening due to shear-generated mixing as formulated in terms of a modified

bulk Richardson number (10b). The latter mechanism completely determines the depth of the stable
boundary layer.

h=Ri M (10a)

g6, - 8,) "

where 60,(h) is the virtual potential temperature at the boundary-layer top and 6, is
defined below (Figure 1). The bulk Richardson number is frequently used to model the
depth of the stable boundary layer where 6, is chosen to be the temperature of the air
near the surface. By relating 6, to the temperature of thermals via the usual ‘counter-
gradient’ heat flux correction for the unstable case, it will be shown that relationship
(10a) also approximates the growth of the daytime mixed layer as well as allows
treatment of cases with weak surface heat flux and transitions between stable and
unstable cases.

At each time step, the model incrementally increases the test value of 4 until 6, (%) and
the corresponding modified bulk Richardson number have increased to yield the
specified critical value of the modified bulk Richardson number. In the heated boundary
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layer, the boundary-layer top predicted by (10a) occurs just above the well-mixed region
since 8, (h) is greater than 6, for nonzero wind speed and 6, is larger than the mixed-layer
temperature for nonzero surface heat flux. This is evident by writing (10a) in the form

0,(h) = 0, + Ri, |v(h)[*/(hg/6,) - (10b)

This relationship shows that the thickness of the implied entrainment region, between
the well-mixed region and predicted boundary-layer top, depends on the definition of
the near-surface air temperature, on the wind speed, and indirectly on free-flow
stratification (Figure 1). For significant surface heating, the second term exerts only a
minor influence on boundary-layer depth which then becomes insensitive to the value
of the Richardson number.

In the case of vanishing wind speed, and thus vanishing shear generation of turbu-
lence, relationship (10a) becomes analogous to the thermodynamic approaches applied
in Holzworth (1964) and Zhang and Anthes (1982). In this model, (10a) reduces to the
asymptotic prediction for free convection

0,(h) = 0, .

The choice of the near-surface atmospheric temperature 6, in (10a) plays an important
role. Since the most energetic transporting scales of turbulent motion in the convective
boundary layer are thermals, it seems more correct to define 6, as a measure of
temperature of the thermals in the lowest part of the boundary layer as in Zhang and
Anthes (1982). This can be estimated from the relevant velocity scale w, corresponding
to athermal turnover time of /#/w,. The scaled virtual temperature excess near the surface
is then

_ C(W’ 0,)o
w

5

07 (11
where (W 8)), is the surface virtual kinematic heat flux and C is a coefficient of
proportionality. Use of this temperature excess to estimate the boundary-layer top from
(10a) could be viewed as a parcel approximation which neglects the influence of
entrainment and pressure effects on the thermal ascent. This overestimation of thermatl
ascent would be partially compensated by neglect of penetration of thermals beyond the
buoyancy equilibrium level. The attempt to include such complexities in a limited
resolution model would not be appropriate due to large truncation errors. Relationship
(11) is consistent with the heat flux correction as discussed in Section 4.

For simplicity, the temperature excess (11) is assumed to occur at the lowest
atmospheric level in the model, z,. Then

6, = 6,(z,) + by (12)

For the unstable case, the modelled boundary-layer depth (10-12) depends mainly on
the temperature excess and is insensitive to the choice of the critical Richardson number.
An equivalent prognostic relationship between boundary-layer growth rate and surface
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heat flux can be derived by differentiating (10), after using (11-12). It will be found that
use of (10) with (11-12) predicts the growth of the heated mixed layer with success
comparable to the use of the growth relationship of Deardorff (1974). That is, for the
sole purpose of approximating the boundary-layer growth rate, the approximate role of
the convective heating can be captured rather simply. Naturally in high resolution
studies of the boundary layer, the more complete physics of mixed-layer growth models
would be desirable.

As we approach neutral conditions from the unstable side, 8, in (11) vanishes.
Relationships (11) and (12) are not relevant for the stable boundary layer. Since the first
model level may be above the nocturnal boundary layer, 6, is defined to be the surface
virtual temperature for the stable case. In low-resolution large-scale models, the
structure of the nocturnal boundary layer cannot be resolved so that only bulk
formulations can be implemented. The use of the bulk Richardson number (10) to
predict the top of the nocturnal boundary layer has been tested in a number of studies
(some of which are surveyed in Mahrt, 1981), and provides a smooth transition to the
unstable case in the present model.

In such studies the critical bulk Richardson number is typically chosen between 0.3
and 1. Such values are sometimes tested against the depth of the nocturnal inversion
which may be considerably thicker than the depth of the layer of continuous turbulence
(Mahrt et al., 1979; André and Mahrt, 1982). On the other hand, we must recognize
that model fluxes imply both time and horizontal averaging. Such averaging would then
include transport induced by meso-scale and terrain-induced circulations which seem
to be important in the nocturnal boundary layer even over very weak slopes. Further-
more, fluxes may occur locally in space and time even though the Richardson number
evaluated from averaged variables is large. These factors suggest choosing a larger
critical Richardson number for computing the boundary-layer depth in large-scale
models. Here we chose a value of one-half for use in one-dimensional simulations.

In the stable case, the modelled boundary-layer depth exerts less influence on the
strength of the mixing as is evident by comparing (4) and (7). That is, the implied length
scale of the mixing asymptotically becomes independent of 4 and proportional to L. In
the unstable case, the value of 4 significantly influences the length scale above the surface
layer; however, the value of 4 becomes insensitive to the bulk Richardson number.

4. The Diffusivities for Heat and Water Vapour

We make the usual assumption of equating diffusivities for heat and water vapour. The
turbulence Prandtl number Pr =K, /K,, under unstable conditions is found to be
strongly dependent on stability in the surface layer (Businger et al., 1971). In the mixed
layer above the surface layer, the Prandtl number is not very well-defined because local
gradients may vanish and fluxes become more related to bulk gradients. Thermals and
eddies of boundary-layer scale transport heat and other properties according to bulk
gradients which may be much larger than, or of opposite sign from, gradients in the
boundary-layer interior.
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The simplest way to include this nonlocality is to incorporate a ‘countergradient’ term
as discussed by Priestley and Swinbank (1947) and Deardorff (1966). Then the heat flux

becomes
—_ 0
w e = —Kh<?~—y). (13)
0z
In the present formulation
w.h

This prescription is consistent with the formulation of the temperature excess for
thermals, (11). A similar correction procedure was suggested by Deardorff (1973) and
used in the model by Mailh6t and Benoit (1982), except that the free-convection velocity
scale w, was chosen to be the velocity scale. The use of the velocity scale w, (9) is more
consistent with the formulation of the eddy exchange coefficient and includes the
reduction of thermal buoyancy by mechanical mixing.

This interrelationship is clearest at the level where the potential temperature gradient
vanishes as it reverses with height from weakly unstable to weakly stable. At this level,
say z = z*, Equation (13) becomes

(W' 0').e = K, (z*)y
or using (14)

_ hwy (W 0).
K,(z*) (W &)

This relationship exemplifies the fact that C cannot be specified independently of the
formulation of K, as has been done in previous studies and also shows how the
coeflicient C controls the level of vanishing temperature gradient. Substituting in the
formulation for K, the expression for C becomes

~ z* W 07),.
C—[Prk p (1-z /h)P] [_(W)o]'

Choosing, for example, p = 2, Pr = 2, z*/h = 1> and 1> for the heat flux ratio, one
obtains the value of C =~ 5. Since the results in this study were found to be not sensitive
to the numerical value of C, we adopt the usual value of 10 for C’ (see Equation (19)
below), corresponding to C = 6.5.

It seems necessary to adopt a countergradient correction term for transport of
moisture or any scalar, since thermals also transport according to the bulk moisture
gradient and therefore create flux, even where the local mean gradient vanishes. We then
define the countergradient factor for moisture by assuming that it can be formulated with
the same coefficient C as for heat transport in which case
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V—C(W )0’ (15)

B hw,

s

where (W' q'), is the surface moisture flux. An analogous correction for momentum is
not adopted. Because of the pressure effects, thermals cannot efficiently transport
momentum over large distances and the gradient of momentum often remains significant
throughout the mixed layer.

4.1. PRANDTL NUMBER

Busch et al. (1976) assume that the Prandtl number obeys surface-layer relations for the
entire boundary layer while Mailh6t and Benoit (1982) assume that the Prandtl is
independent of height with a value computed at 4 m. In the present development, we
match heat and momentum fluxes at the top of the surface layer so that

06 5u
u. 0. = = =K, (16
*ox (62 ) . oz )
where 0, = — (W' 0"),/u, . Combining these two relationships, using the usual defini-

tions of nondimensional gradients (®,,,, ®,) and the definition of w, (6), substituting for
y from (14) and solving for the Prandtl number, we obtain

Pr=%=[§h (L> k;l ]_1, (17

where z is the level where matching (16) is applied, here taken as 0.14. Lacking other
evidence, we assume that the Prandtl number is independent of height above 0.14. The
Prandtl number is bounded by the asymptotic limits of unity and four. Expression (17)
has the advantage that it is well behaved for vanishing Monin—Obukhov length L.

4.2. COMPARISON WITH WYNGAARD AND BROST

It is instructive to compare the diffusivity profile used here with the one derived from
the large eddy simulations by Wyngaard and Brost (1984). They derive expressions for
the gradients of a scalar for the case of vanishing entrainment flux (their Equation (33))
and for the case of vanishing surface flux (their Equation (39)). Profile functions were
determined by comparing with numerical simulations for the case —z/L = 64. When
both fluxes are present, we can obtain the effective diffusivity from their individual
relationships. Assuming the flux in the boundary layer to vary linearly with height, the
diffusivity relationship derived from Wyngaard and Brost (1984) becomes

V4
(1‘“"”;)
K=w_h

* —_3/2 —~3/2
R(l —5) +0.4 (5)
h h

where R = (W' ¢’),/(Ww'¢’), and c is the transported quantity.

; (18)



138 IB TROEN AND L. MAHRT

As discussed by Wyngaard and Brost (1984), this form is not well-behaved since the
transport by large eddies or thermals is not directly related to the local gradients. The
simplest way to include this transport process effectively is again to adopt a gradient
correction factor y such that

W=_K<a_a_yc>, y=C’ —(WC)", (19)
. 0z weh

where the prime notation on the coefficient C’ indicates that the free-convection velocity
scale w, must be used instead of w, in order to be consistent with (18). Then using the
gradient and flux from Wyngaard and Brost (1984), the diffusivity satisfying (19) and
the gradient correction y (14), becomes

(1‘“"‘);)

K=w_h . (20)

* —-3/2 ~-3/2,
R<1 —5) +0.4 <5) +C
h h

The diffusivity profile modified to include the countergradient correction (20) is shown
in Figure 2 for different values of R, the ratio of the entrainment flux to the surface flux.
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Fig. 2. The profile of diffusivity from Equation (20) for different values of R, the ratio of entrainment flux
to the surface flux. R = 0.2, - 0.1, 0.0, and 0.2.




